
 DeformationRetracts

Here are some examples of retractions
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How are the secondtwo different fromthe first two
In the second two we can vary the identity map continuously in
the larger space to get to the retraction

es

id retraction

There's no way to do this in the first two examples

Def let A EX asubspace A is a deformation retract of
X if the identity map idx is homotopic to a map
sending all of X into A set all points of A are fixed
during the homotopy

That is 7 a continuous H X I X sit
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Such a homotopy It iscalled a deformationretraction of X ontoA

Note that the function r X A defined r x H x l is a
retraction of X onto A and H is a homotopy between
the identity id and jor Where j A X is the inclusion

Exi If X IRT03 thin H XXI X defined

H x t ET th t x is a deformation retract onto Sh

Note H x t tht 11 x and l t 20 120 andthey are
never 0 simultaneously

If at Sht Then Hfa t tat l t a a

How do the fundamental groups of A and X compare

if A is a def retract of X

Lemma h k X Xo y yo continuous maps If h
and k are homotopic and Xots yo throughout the
homotopy then h and k are equal
i f ki x y then k doh x the path from yo to Y

IT yo Titty
Pf If f is a loop at Xo in X then

I I idX IH y
pathis a homotopy between hof and Kof D



Recall from a previoussection that if A is a retract of X
then the inclusion j A X induces an injective
homomorphism j on fundamental groups If A is a

deformation retract of X we can say something stronger

Thmi If A is a deformation retract of X and

j A Xo Xoxo the inclusion then j I A xo TkXxo
is an isomorphism of fundamentalgroups

PI let It X I X be a deformationretraction of X
onto A so H x 0 x Hfx 1 EA and H at _at acA

Then if r X A is the retraction

X 5A X is homotopic to the

identity so j or id x

j is surjective so it's an isomorphism D

E The following deformation retracts have the same fundamental

group as the starting spaces S uco.is n
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Note that 112 twopoints has a deformation retractiononto both

00 and neither of which is a deformation

retract of the other

Defi let f X Y and y Y X be continuous maps
It got X X is homotopic to id and fog Y Y is
homotopic to idy then f and g are homotopyequivalences
and X and Y have the same homotopy type t and g are
h ry ses of each other

Note If A is a deformation retractof X then

X A j X is homotopicto the identity and ATX A

is the identity Thus A cruel X have the same homotopytype

00 as O.O
A A

e idx

Then A X A X A is homotopic to A X A Which



is the identity The other direction is anal guns so

A and A have the same homotopy type
This is true in general i e

Claim If f X Y and g Y Z are homotopy equivalences
then got is a homotopy equivalence Thus havingthe same
homotopy type is an equivalence relation

Ex X is contractible if id is hulhomotopic

e.g I Bu IR etc

If H X I X is a homotopy from the identityto a constant

map w image PEX say then

PacoX1 pp is the identity and X Poo Xx
H

is homotopic to the identity via H so Pax is a

homotopy equivalence

rite H may hit be a deformation retraction ie if HCP.tlPforfome

If f Xxo Y yo is a homotopy equivalence then

f IT X Xo IT Y yo is an isomorphism

Pf let g Y X be a homotopy inverse for f
where yo X



Set f Xi y

Then we have IT X xo IT Y yo ITCX x s IT Y y

got is homotopic to the identity so there's a path from

x to X S t

g of 2o id I an isomorphism

Similarly f og is an isomorphism so g is injective
and surjective so it's an Isom

Thus f g o Q is an isomorphism D


